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Abstract— The aviation navigation aided by the position 
estimation supplied by a GPS (Global Positioning System) 
receiver needs to meet the standardized requirements defined by 
the International Civil Aviation Organization. A Receiver 
Autonomous Integrity Monitoring (RAIM) algorithm needs to be 
implemented to ensure these requirements. The algorithm detects 
and excludes faulty satellites and computes the necessary 
protection levels for the GPS position solution. 

The conventional RAIM algorithm (weight least squares 
residuals), a total least squares based algorithm and a proposed 
one are compared in terms of detection capability and 
performance. The proposed algorithm considers both 
pseudorange and carrier phase measurements in the total least 
squares algorithm in order to guarantee improved results. 

The measurements were acquired with use of a standalone, single 
frequency receiver which creates the problem related to the use 
of the carrier phase measurements. An algorithm was 
implemented to solve the problem of the unknown integer 
number of carrier cycles. This algorithm showed a more accurate 
position solution which enhanced the proposed RAIM results. 

In conclusion, the thesis recommends a new RAIM algorithm 
which improved the performance metrics required for aviation 
guided by GPS. The results were supported by real data acquired 
on the laboratory of the Instituto de Telecomunicações for L1 
frequency. 

Keywords- total least squares, receiver autonomous integrity 
monitoring, GPS, cycle slips, carrier phase ambiguities. 

I.  INTRODUCTION  
The GPS is already being used for aviation providing the 

aircraft coordinates in a three dimensions space. The solution 
to the navigation equation is well known and can be 
implemented by the least squares method. The least squares 
solves a linear equation problem in navigation systems as, 
𝑯𝒙 = 𝒛 + ∆𝒛  where 𝑯  is the observation matrix, 𝒛  is the 
vector containing the corrected measurements, ∆𝒛  is the 
measurements error vector and 𝒙 is the position vector with 
three coordinates and the receiver clock offset. The observation 
matrix is built with the information received by the GPS 
broadcast ephemerides, the measurements vector with 
pseudoranges measurements from the receiver and the 

measurements error vector contains the errors such as 
troposphere and ionosphere delays, multipath, clock bias, 
receiver noise and others. 

The least squares method assumes that the observation 
matrix is known with certainty which is not true since is 
broadcasted and subjected to errors as well. The total least 
squares approach  incorporates these errors in the equation, 
(𝑯 + ∆𝑯)𝒙 = 𝒛 + ∆𝒛  where ∆𝑯  is the observations error 
matrix. This approach is mostly used for integrity monitoring 
and is solved by a single value decomposition. On the other 
hand the weighted version of the method can improve fault 
detection as well as reduce the protection limits. 

The requirements for aviation are very strict so is necessary 
to guarantee the precision of the position determination within 
the vertical and horizontal protection limits. It will be shown 
that the use of carrier phase measurements in the position 
estimation process leads to an improved accuracy and 
consequently a lower protection limit. The use of  the carrier 
phase measurements creates a problem related to the unknown 
integer ambiguity number for each measurement. Thus the 
phase-adjusted pseudorange was implemented in order to 
combine the carrier phase with pseudoranges solving the 
ambiguities problem. Also a cycle slip detection and correction 
algorithm was applied for robustness. 

II. WEIGHTED LEAST SQUARES METHOD 

A. Position Determination 
The satellite ephemerides provides the required information 

to compute the satellite positions at a given time and are 
broadcasted by the satellites in view. The receiver provides 
also each pseudorange measurement which is a pseudo distance 
between a satellite and the GNSS receiver. Each satellite 
position is computed in Earth-Centered, Earth-Fixed (ECEF) 
coordinates and then converted to east, north and up (ENU) 
coordinates, a local Cartesian coordinate system based on the 
estimate of the real user position. The transformation of 
coordinates is given by: 

𝒅𝐸𝑁𝑈𝑖 = 𝒅𝐸𝐶𝐸𝐹𝑖 × 𝑹𝑧(𝛼) × 𝑹𝑥(𝛽) 

 𝒅𝐸𝐶𝐸𝐹𝑖 = 𝒔𝐸𝐶𝐸𝐹𝑖 − 𝒙𝐸𝐶𝐸𝐹0  (1) 



ϕπβπλα −=+= 2,2 𝛼 = 𝜆 + 𝜋 2⁄ ,𝛽 = 𝜋 2⁄ − 𝜑 

where 𝒅𝐸𝑁𝑈𝑖  denotes the vector which goes from the receiver to 
a satellite, 𝒔𝐸𝐶𝐸𝐹𝑖  is the position of the satellite 𝑖,  𝒙𝐸𝐶𝐸𝐹0  is the 
initial user position estimate, 𝜑 and 𝜆 are latitude and longitude 
of the real position, respectively. 𝑹𝑥  and 𝑹𝑧  are rotation 
matrices defined by: 

 𝑹𝑥(𝛽) = �
1 0 0
0 𝑐𝑜𝑠(𝛽) −𝑠𝑖𝑛(𝛽)
0 𝑠𝑖𝑛(𝛽) 𝑐𝑜𝑠(𝛽)

� (2) 

𝑹𝑧(𝛼) = �
𝑐𝑜𝑠(𝛼) −𝑠𝑖𝑛(𝛼) 0
𝑠𝑖𝑛(𝛼) 𝑐𝑜𝑠(𝛼) 0

0 0 1
�. 

Each column of the 𝑯 is then computed with the direction 
cosines in ENU coordinates given by: 

 𝑯𝑖 = [ℎ1𝑖 ℎ2𝑖 ℎ3𝑖 1] (3) 

ℎ1𝑖 =
𝑑𝐸𝑁𝑈𝑖

��𝑑𝐸𝑁𝑈𝑖
1�

2 + �𝑑𝐸𝑁𝑈𝑖
2�

2 + �𝑑𝐸𝑁𝑈𝑖
3�

2
 

where the fourth column of the 𝑯matrix is related to the 
receiver clock bias and filled with ones. The measurements 
vector contain the difference between the corrected raw 
pseudoranges and the estimated pseudo distance linearized at   
𝒙𝐸𝐶𝐸𝐹0  plus the receiver clock bias estimate. The next equation 
summarizes the process: 

 𝑧𝑖 = 𝜌𝑖 + ∆𝑡𝑠𝑣 − ∆𝐼 − ∆𝑇 −𝑯1:3 × �𝑑𝐸𝑁𝑈𝑖 �𝑇 − ∆𝑡 (4) 

where 𝜌𝑖  is the raw pseudorange, ∆𝑡𝑠𝑣  is the satellite clock 
error plus the group delay correction [2],[3], ∆𝐼  is the 
ionosphere delay [4], ∆𝑇 is the troposphere delay [2], 𝑯1:3 ×
�𝑑𝐸𝑁𝑈𝑖 �𝑇denotes the estimated distance between the satellite 
and user and ∆𝑡 is the estimate of the receiver clock offset. 

It is important to understand that the position estimation in 
ENU coordinates gives the error between the initial estimate 
and the actual estimate of the position.  

The weighted least squares estimation is a method to solve 
linear equation systems achieving the solution that minimizes 
the sum of the squared of the errors. The position estimation 
equation is given by [2],[5]: 

 𝒙� = �

𝑥
𝑦
𝑧
𝑏
� = (𝑯𝑇𝑸𝑯)−1𝑯𝑇𝑸𝒛 (5) 

where 𝒙� is the estimated vector with three position coordinates 
coordinates (x, y, z) and the receiver clock bias (b) in range 
units and 𝑸 is the weighting matrix.  

The weighting matrix should be the inverse of the 
covariance measurements matrix and so each term related to 
satellite i of the 𝑸 matrix was set to the inverse of an estimated 
value of the measurements covariance. Therefore an intensive 
estimation of the satellites user equivalent range error (UERE) 
was made using 24 hours of sets of measurements. In every 
epoch, each satellite error was computed by the difference 
between the corrected pseudorange measurement and the true 
distance of the satellite to the receiver. It was also subtracted 
the receiver clock offset and since each satellite have a 
different user range accuracy (URA) value, the satellite 
measurement error was normalized by its URA value. These 
computed values give a estimation of the UERE according to 
the elevation angle of the satellite. Assuming that different 
satellites measurements are uncorrelated, the 𝑸  matrix is 
diagonal and each diagonal element was set: 

 𝑄𝑖𝑖 = 1
𝜎𝑖
2(𝐸𝑙𝑖)

 (6) 

where 𝜎𝑖 is the estimated standard deviation for the satellite i 
based on the elevation angle 𝐸𝑙𝑖. 

B. RAIM Algorithm 
The weighted least squares residuals based algorithm is 

established with the equations that are used to solve the 
position determination problem. The measurements estimate is 
given by: 

 𝒛� = 𝑯𝒙� = 𝑯(𝑯𝑇𝑸𝑯)−1𝑯𝑇𝑸𝒛 = 𝑯𝑲𝒛. (7) 

This 𝒛�  estimate can be used for integrity monitoring by 
computing the residues in the pseudorange measurements. The 
range residue can be calculated from the difference between the 
measured and predicted pseudoranges as shown in the 
following equation: 

 𝒓 = 𝒛 − 𝒛� = 𝒛 − 𝑯𝑲𝒛 = (𝑰 − 𝑷)𝒛 (8) 

where 𝒓 is the range residual error vector and 𝑰 is the identity 
matrix. The value to be considered for integrity monitoring is 
the weighted sum of the squared of the 𝒓 vector which can be 
expressed as [11]: 

 𝑊𝑆𝑆𝐸 =  𝒓𝑇𝑸𝒓 = 𝒛𝑇(𝑰 − 𝑷)𝑻𝑸(𝑰 − 𝑷)𝒛. (9) 

If it is assumed that all pseudorange measurement errors are 
Gaussian with the same variance, the weighted sum of the 
squared errors WSSE follows a chi squared distribution with 
𝑛 − 4  degrees of freedom [11]. The degrees of freedom 
represent number of available satellites minus the number of 
satellites/equations necessary to estimate a position. Thus the 
test statistic will be:  

 �𝑊𝑆𝑆𝐸
𝑛−4

. (10) 

A detection threshold can easily computed based on the 
probability of false alarm and knowing the test statistic 
distribution. 



Unfortunately, the test statistic WSSE cannot evaluate the 
consistency of the position estimate, because the n errors in the 
𝒓  vector are mapped into two orthogonal spaces: one 
corresponding to the position estimate error (with 4 
dimensions) and one corresponding to the test statistic (and 
therefore the 𝑛 − 4  degrees of freedom in its distribution). 
However, there is a characteristic that shows, for every 
available satellite, a linear relationship between the amplitude 
of the vertical error and the test statistic value [12]. This 
characteristic 𝑉𝑠𝑙𝑜𝑝𝑒  is given for each satellite i by: 

 𝑉𝑠𝑙𝑜𝑝𝑒𝑖 = |𝐾3𝑖|𝜎𝑖
�1−𝑃𝑖𝑖

 (11) 

where 𝐾3𝑖  and 𝑃𝑖𝑖  were defined in equation (7) and (8) 
respectively and 𝜎𝑖  is the standard deviation relative to each 
satellite in 𝒓  vector found in equation (6). The 𝑉𝑠𝑙𝑜𝑝𝑒  
characteristic will be used to estimate the vertical error and a 
vertical protection limit can be implemented, based on the 
desired probability of missed detection 𝑃𝑀𝐷  scaled by the 
vertical standard deviation. 

The vertical protection limit is the maximum value in the 
vertical component which is guaranteed fault detection 
attending to the requirements. This limit has two components: 
the first one is based on the threshold detection limit 
concerning the critical satellite and defined by the probability 
of false alarm; the second one is based on the vertical standard 
deviation limit defined by the probability of missed detection. 
The vertical protection limit can be computed by [11],[13]: 

 𝑉𝑃𝐿 = 𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥𝑇(𝑃𝐹𝐴 ,𝑛) + 𝑘(𝑃𝑀𝐷)𝜎𝑉 (12) 

where 𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥  is the 𝑉𝑠𝑙𝑜𝑝𝑒  of the satellite with the highest 
characteristic value and 𝑘(𝑃𝑀𝐷)  is the number of standard 
deviations corresponding to the specified 𝑃𝑀𝐷 , assuming 
normally distributed data. 

The weighted least squares residuals method generates a 
conservative estimate for the vertical protection limit, which 
guarantees an increased integrity for RAIM. On the other hand, 
the method assumes that the satellite with the highest 
probability to fail is the one with the highest characteristic or in 
other words the one inducing a larger vertical error. This 
assumption results in decreased availability as the vertical 
protection limit value can be overestimated. This method also 
assumes that the observation matrix is known with certainty 
and subsequently its errors are not considered in the algorithm. 

III. WEIGHTED TOTAL LEAST SQUARES METHOD 

A. Position Determination 
The total least squares method is an alternative to the least 

squares approach to solve the position determination problem 
accounting for observation errors. Therefore the objective of 
the weighted total least squares problem is to solve the 
equation: 

 𝑚𝑖𝑛‖𝑪[∆𝑯 ∆𝒛]𝑫‖𝐹 (13) 

where the augmented matrix [∆𝑯 ∆𝒛]  holds both 
observations and measurements errors, 𝑪  and 𝑫  are weight 
matrices and ‖ ‖𝐹 denotes the Frobernius norm. The problem 
of minimizing the augmented matrix is solved by performing 
single value decomposition to the matrix 𝑪[∆𝑯 ∆𝒛]𝑫. In this 
case the solution is [13],[15],[16]: 

 𝑪[∆𝑯 ∆𝒛]𝑫 = 𝑼𝜮𝑽𝑇 

𝑼 = �𝑼1�
𝑛×4

𝒖5�
𝑛×1

� 

 𝜮 = �
𝜮1�
4×4

0⏟
4×1

0⏟
4×1

𝜎5⏟
1×1

� (14) 

𝑽 = �
𝑽11�
4×4

𝒚⏟
4×1

𝑽51�
4×1

𝛼⏟
1×1

� 

𝑫 =  �𝑫1 0
0 𝑑5

� 

where 𝜮  is a diagonal matrix containing the singular values 
from the maximum value to the minimum value 𝜎5 and  𝑛 is 
the number of available measurements (satellites in view). 
Setting the weight matrices will be explained in a posterior 
part. The position estimate from the weight total least squares 
is given by: 

 𝒙�𝑡𝑙𝑠 = −(𝑫1𝒚)(𝛼𝑑5)−𝟏 (15) 

which can give the position error compared to the real position. 
In the static case, taking the initial position estimate (instead of 
the real position) as the previous estimate from the least 
squares solution [5], if a fault occurs, it will induce a larger 
error and can be detected by setting specific thresholds. On the 
kinematic case, in order to get an initial position estimate, 
Kalman filtering might be needed with velocity and 
acceleration components. The residual vectors for the weight 
total least squares can be computed by the following equation 
[5],[13],[16]: 

 [∆𝑯 ∆𝒛] = −𝜎5𝑪−1𝑼5[𝒚𝑇 𝛼]𝑫−1 (16) 

B. RAIM Algorithm 
The difference between the predicted measurements and the 

actual measurements produces a range residual error vector by: 

 𝒓𝑡𝑙𝑠 = 𝜎5𝑪−1𝒖5
𝑑5𝛼

 (17) 

which is directly related to the measurements. The weighted 
sum of the squared errors (WSSE) is given by: 

 𝑊𝑆𝑆𝐸𝑡𝑙𝑠 = 𝒓𝑇𝑪𝒓 = 𝜎5
2

𝑑5
2𝛼2

𝒖5𝑇𝑪−1𝑸𝑪−1𝒖5. (18) 



If a fault occurs in a specific satellite the norm of the range 
residual vector will be higher than in normal conditions and so 
the weighted sum of the squared errors too. Thus this value can 
be used for integrity monitoring. The WSSE distribution 
follows a chi squared distribution with 𝑛 − 4  degrees of 
freedom as stated in [13],[16] which simplifies the calculation 
of a threshold for fault detection and gives the first test statistic 
as: 

  �𝑊𝑆𝑆𝐸𝑡𝑙𝑠
𝑛−4

. (19) 

This value represents the “magnitude” of the mismatch 
between the observations and the measurements and can be 
seen as the distance to the origin of a fault detection plane 
where the axes are the two mismatch quantities ‖∆𝑯‖𝐹  and 
‖∆𝒛‖. This provides another test statistic that shows where the 
fault occurs, either on the observation data or on the 
measurements. The second statistic is then defined by: 

 𝐻 𝑧⁄ = ‖∆𝑯‖𝐹 ‖∆𝒛‖⁄  (20) 

and is extremely sensitive to the values present on the 𝑫 
matrix. The next step is to find how this test statistics react to 
different values of the two weighting matrices. In order to 
easily compute the fault detection thresholds and protection 
limits, the weighting matrices must be tuned so that these test 
statistics behave in a known way. 

The 𝑪  matrix attends to weight the different satellite 
measurements in the total least squares and works as the 
weighting matrix on the weighted least squares. In fact is 
shown in [13],[16] that setting the 𝑪 matrix as the squares root 
of the weighting matrix 𝑸 makes the total least squares WSSE 
test statistic identical to the one used in the weighted least 
squares residuals approach. 

The 𝑫 matrix is also diagonal and will induce changes to 
the columns of the augmented matrix [𝑯 𝒛]which are east, 
north, up, receiver clock offset and measurement components. 
This matrix is tuned in order to ease the computation of the 
detection thresholds and satellite characteristics defined in 
[13],[16]. On the other hand the first, second and fourth 
components were not changed and fixed as one. This was set 
considering that the focus of the RAIM algorithm was the 
vertical component (up) and changing the fourth component 
turned to achieve non-linear results for the characteristics. 
There were three key aspects considered when settled the 𝑫 
matrix: the  WSSE characteristics linearity, the 𝑯 𝒛⁄  satellite 
characteristics linearity and the 𝑯 𝒛⁄  test statistic distribution. 
This distribution must be close to a half normal distribution 
which without the weighting matrix is not achieved. For each 
satellite there are two characteristics that are defined by the 
relationship between the vertical error and the two test statistic 
value. This relationship must be linear and can be computed by 
inducing an increasing bias on each satellite. The 𝑫  matrix 
tuning provided the required linearity meaning that the test 
statistics are highly correlated to the vertical error. 

The setting of the detection thresholds is based on the 
probability of false alarm established by the minimum 

requirements for GNSS guidance [1]. Since there are two test 
statistics, a balance is needed between the two thresholds to 
guarantee the required probability of false alarm. The WSSE 
test statistic threshold is based on the critical satellite 
characteristic being the satellite which produces the highest 
vertical error to an induced bias. On the other hand, the critical 
satellite may not produce the highest 𝑯/𝒛 characteristic and so 
the balance is necessary. Though a backstop threshold is also 
set considering only the WSSE test statistic which provides an 
alarm if a fault occurs on any satellite regardless the value of 
the other test statistic. Thus a fault detection is made, if the 
WSSE test statistic value exceed the backstop threshold or both 
test statistics exceed the respective thresholds. The combined 
probability of either event occurs must not exceed the desired 
probability of false alarm which is given by: 

 𝑃𝐹𝐴 = �𝑃𝑊𝑆𝑆𝐸 ∙ 𝑃𝐻 𝑧⁄ � + ��1 − 𝑃𝐻 𝑧⁄ � ∙ 𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝� (21) 

where 𝑃𝑊𝑆𝑆𝐸 ∙ 𝑃𝐻 𝑧⁄  represents the probability of WSSE 
threshold being exceeded with the 𝑯/𝒛  threshold 
simultaneously being exceeded and �1 − 𝑃𝐻 𝑧⁄ � ∙ 𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝  is 
the probability of the backstop threshold being exceeded 
without the 𝑯/𝒛 threshold being exceeded. Then the threshold 
balance, based on the critical satellite characteristics, is given 
by: 

  𝑇WSSE ∙ 𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥 = 𝑇𝐻 𝑧⁄ ∙ 𝐻 𝑧⁄ 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
 . (22) 

As previously stated the critical satellite may not have the 
highest 𝑯/𝒛  characteristic and so the backstop threshold is 
associated to the satellite with the 𝑯/𝒛 highest characteristic. 
Then an iterative process is used to compute the probabilities 
of equation (21) with the two constraints defined in equations 
(21) and (22) and provided that the thresholds are computed 
by: 

𝑇𝑊𝑆𝑆𝐸 = �𝑐ℎ𝑖2𝑖𝑛𝑣(1 − 𝑃𝑊𝑆𝑆𝐸 ,𝑛 − 4)  

 𝑇𝐻 𝑧⁄ = 𝜎𝐻 𝑧⁄ ∙ �𝑛𝑜𝑟𝑚𝑖𝑛𝑣�𝑃𝐻 𝑧⁄ 2⁄ �� (23) 

𝑇𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝 = �𝑐ℎ𝑖2𝑖𝑛𝑣�1 − 𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝 ,𝑛 − 4�  

where 𝑐ℎ𝑖2𝑖𝑛𝑣  is the inverse of the chi squared distribution 
function, 𝑛𝑜𝑟𝑚𝑖𝑛𝑣 is the inverse of the normal distribution and 
𝜎𝐻 𝑧⁄  is the 𝑯/𝒛  test statistic standard deviation. The 
probability of the backstop threshold being exceeded is set 
considering both backstop and critical satellite characteristics 
and the standard deviation of the test statistic is computed for 
each instant of the RAIM algorithm [13].   

The computation of vertical protection limit considered the 
worst case bias which applied to the critical satellite would 
generate a probability of missed detection equal to the required 
one. Since there are three thresholds, with two of them 
connected to the same probability, the vertical protection limit 
is settled by the WSSE test statistic. Thus, this limit is 



computed concerning the WSSE and backstop thresholds and 
established by the maximum value of the two.  

In order to define the worst case bias, an iterative process 
was needed which considers a non-central chi squared 
distribution. In normal conditions, since the WSSE test statistic 
follows a chi squared distribution, when a bias is induced on 
the critical satellite, the distribution can be assumed to be now 
a non-central chi squared with the test statistic value induced 
by the bias as the non-centrality parameter. Then the 
probability of a random sample have a test statistic value less 
than the WSSE detection threshold is computed and given the 
required probability of missed detection, the vertical protection 
limit should be set according with the probability of exceeding 
the limit with this bias applied. The iterative process consists in 
finding the bias which produces the maximum vertical 
protection limit and the method can be found in detail in 
[13],[16]. 

IV. USING CARRIER PHASE MEASUREMENTS 
The receiver outputs also the carrier phase measurements 

which are measurements more accurate than the pseudorange 
ones providing that the noise is relatively smaller. The use of 
these measurements in the position determination as well as in 
the RAIM algorithm leads to a better accuracy, lower 
thresholds and protection limits. 

A. Position Determination 
In order to include the carrier phase measurements on 

position estimation, the integer carrier phase ambiguities must 
be known. This value is constant along the epochs providing 
that no cycle slips occur. The phase-adjusted pseudorange 
algorithm [7],[8] was used to combine pseudorange and carrier 
phase measurements while solving the integer ambiguities in a 
recursive least squares. There are other methods of 
incorporating the carrier phase measurements such as the 
pseudoranges smoothing and the phase connected algorithms 
[7], but the phase-adjusted pseudorange algorithm provided 
better accuracy. 

The phase-adjusted pseudorange algorithm must first be 
initialized by calculating the position estimation with only 
pseudorange measurements as in equation (5) and then 
estimating the ambiguities in range units for each satellite by: 

 𝑁𝑖 = 𝑧𝑐𝑖 − 𝑯𝑖𝒙�  (24) 

where 𝑧𝑐𝑖  is the carrier phase measurement defined as: 

 𝑧𝑐𝑖 = 𝜌𝑖 + ∆𝑡𝑠𝑣 + ∆𝐼 − ∆𝑇 − 𝑯1:3 × �𝑑𝐸𝑁𝑈𝑖 �𝑇 − ∆𝑡.  (25) 

The covariance of the ambiguity number can then be estimated 
by: 

 𝑪𝑁� = 𝑪𝑁 + 𝑯(𝑯𝑇𝑪𝑛−1𝑯)−1𝑯𝑇   (26) 

where 𝑪𝑛 is the pseudoranges covariance matrix and 𝑪𝑁 is the 
covariance matrix of the carrier phase measurements. Since the 
ambiguity number does not change between epochs, the 
position determination can be improved by considering now 

the carrier phase measurements. In the next epoch, the 
covariance of the position can be set as [7],[8]: 

 𝑪𝑥−1 = 𝑯𝑇(𝑪𝑛−1 + (𝑪𝑁 + 𝑪𝑁�)−1)𝑯  (27) 

and can be used for the new least squares method where the 
pseudorange and carrier phase measurements are combined as 
shown in the following equation: 

 𝒙� = 𝑪𝑥𝑯𝑇 �𝑪𝑛−1𝒛 + �𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1(𝒛𝑐 − 𝑵𝑘−1)�.  (28) 

This equation substitutes the equation (5) for the recursive 
estimation cycle. As can be seen the previous epoch’s 
ambiguities number and its covariance is used on the position 
estimation equation, this allows using carrier phase 
measurements. Meanwhile the ambiguities number must be 
updated closing the recursive least squares for position 
estimation by: 

𝑵𝑘 =  𝑵𝑘−1 + 𝑪𝑁�𝑘−1�𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1(𝒛𝑐 − 𝑵𝑘−1 − 𝑯𝒙�).  (29) 

This recursive least squares was implemented and 
supported by a cycle slip detection and correction algorithm to 
prevent the presence of cycle [9]. This algorithm also allows 
the continued use of the recursive least squares avoiding a 
possible reset otherwise. The position accuracy was improved 
lowering the vertical standard deviation which is expected to 
reduce the vertical protection limit. 

B. RAIM Algorithm 
After the positioning, three set of values are available for 

integrity monitoring and since the focus of the RAIM 
algorithm is to detect the faulty satellite, these sets must be 
combined. The sets of values are the pseudorange 
measurements, the carrier phase measurements and the carrier 
phase ambiguities. Those sets have equal number according to 
the quantity of available satellites. Since the phase-adjusted 
pseudorange algorithm is already based on a combination of 
these measurements attending different importance to the 
different measurements based on the covariance matrices, the 
combination purposed is the weighted mean coming directly 
from the algorithm and given by the following equation: 

 𝒛𝑡𝑜𝑡𝑎𝑙 = 𝑪𝑡𝑜𝑡𝑎𝑙 �𝑪𝑛−1𝒛 + �𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1(𝒛𝑐 − 𝑵)�  (30) 

𝑪𝑡𝑜𝑡𝑎𝑙−1 = 𝑪𝑛−1 + (𝑪𝑁 + 𝑪𝑁�)−1 

where 𝒛𝑡𝑜𝑡𝑎𝑙 is the measurements vector that will be used in the 
RAIM algorithm, 𝑪𝑡𝑜𝑡𝑎𝑙 is the matrix containing the sum of the 
inverse of covariance measurements matrices. The 𝑪𝑡𝑜𝑡𝑎𝑙 
matrix is no longer diagonal since the ambiguities number are 
correlated to the other measurements due to the phase-adjusted 
pseudorange algorithm. The square root of this matrix will now 
replace the diagonal 𝑪 matrix on the previous RAIM algorithm 
providing the required linearity of the WSSE and 𝑯 𝒛⁄  
characteristics. 



It is important to notice that a bias on a pseudorange 
measurement is directly a bias on the measurements vector 
which is clear in equation (4), but this is not valid for the 
combined vector in equation (30). This means that an error in a 
pseudorange measurement is now less relevant than an error 
present in both carrier phase and pseudorange measurement. 
This is accounted by the weighting matrix as in the previous 
algorithm, where a pseudorange measurement of a satellite was 
less relevant to the algorithm than a less noisier measurement. 

V. RESULTS 
The real data presented on this thesis was acquired in 

December 14th of 2011 in the laboratory of Instituto de 
Telecomunicações for the eight available satellites during the 
execution time. The data gathered consists on the broadcasted 
ephemerides, ionosphere corrections and on the code and 
carrier phase measurements which were available every second 
and concerning only the L1 frequency. 

A bias is simulated by entering a bias directly on the 
measurement vector in equations (4) and (30). 

A. Position Accuracy 
The phase-adjusted pseudorange algorithm for the position 

estimation process is provided with twice the number of 
measurements than in the common least squares approach due 
to the use of carrier phase measurements. The improvement in 
the accuracy of the vertical position can be seen in fig. 1. This 
is the main contribution for the improvements on the RAIM 
performance based on the combined measurements. 

 
Figure 1.  Vertical error with and without the carrier phase measurements 

inclusion on the position estimation. 

B. RAIM Performance 
The vertical protection limit agrees with the vertical alert 

limit in the GNSS guidance requirements. The different 
operation modes have different values for the required 
navigation performance specifications that need to be met in 
order to be acceptable the use of a GNSS for guidance. The 
performance was assessed for the three RAIM algorithms 
considered: the weighted least squares, the weighted total least 
squares and the weighted total least squares including carrier 
phase measurements. 

Fig. 2 shows the vertical protection limit for the weighted 
least squares residuals and total least squares methods. It is 

important to notice, that most of the time the weighted total 
least squares algorithm has a lower vertical protection limit. In 
fact, this is explained by the influence of the backstop 
component on the vertical protection limit. The backstop 
component can be defined by the backstop threshold multiplied 
by the backstop satellite characteristic or vertical slope. Once 
the maximum characteristic is close enough to the backstop 
characteristic, the vertical protection limit arising from the 
backstop component is the biggest. In these cases, the vertical 
protection limit is higher than the one from the weighted least 
squares residuals method. 

 
Figure 2.  Vertical protection limits for the weighted least squares and total 

least squares based RAIM algorithms and the vertical error in normal 
conditions. 

 The use of carrier phase measurements has the purpose of 
lowering the vertical protection limit in order to meet more 
easily the requirements. The fig. 3 shows the improvement on 
the vertical protection limit of the carrier phase usage during 
the time that the data was gathered. The real vertical error is 
also shown in fig. 3. 

 
Figure 3.  Vertical protection limits for two RAIM algorithms and the 

vertical error in normal conditions. 

The detection capability was also improved on these three 
algorithms as shown in fig. 4, fig. 5 and fig. 6 where is present 
the same increasing bias of 10 centimeters per second on the 
critical satellite from the 500 to 800 seconds of simulation. It 
can be seen that thresholds have almost the same value during 
the simulation except for the weighted least squares approach. 
The detection is faster on the RAIM algorithm that uses the 
carrier phase measurements and slower on the weighted least 
squares due to the conservative implementation. The improved 
detection means that the measurements have less covariance in 



this algorithm, so a induced bias will produce a larger test 
statistic value and the detection will be faster. Also it can be 
noticed that the RAIM algorithm with carrier phase inclusion 
has more conservative thresholds in this specific case. 

 
Figure 4.  WSSE thresholds and test statistic for the weighted least squares 

residuals based algorithm. Ramp bias of 0.01 meters per second on the critical 
satellite is present from 500 to 800 seconds of simulation. 

 
Figure 5.  WSSE and backstop thresholds and test statistic for the weighted 
total least squares based algorithm. Ramp bias of 0.01 meters per second on 

the critical satellite is present from 500 to 800 seconds of simulation. 

 
Figure 6.  WSSE and backstop thresholds and test statistic for the weighted 
total least squares RAIM algorithm with carrier phase measurements. Ramp 
bias of 0.01 meters per second on the critical satellite is present from 500 to 

800 seconds of simulation. 

The four parameters, accuracy, integrity, continuity and 
availability need to be met so that a RAIM algorihtm can be 
used for aviation where the table I summarizes these values. It 
were presented three RAIM algorithms which show different 

performance conditions. The accuracy relies only on the 
positioning algorithm and since both weighted least squares 
residuals and total least squares use the same process, the 
accuracy is only improved when the carrier phase 
measurements were included on the last algorithm proposed. 
The integrity and continuity risk were accessed considering 
both probabilities of false alarm and missed detection 
guaranteeing the performance required for the RAIM 
algorithms. The availability was considered to be 100% during 
the whole simulation since there were eight available satellites 
and the requirements were maintained. 

TABLE I.  RAIM REQUIREMENTS FOR THE DIFFERENT ALGORITHMS VS. 
OPERATION MODE 

RAIM Algorithm 
Accuracy 

(95%) 
(meters) 

Vertical 
Alert Limit 

(meters) 

Time 
to 

alert 

Operation 
Mode 

Allowed 
Weighted Least 

Squares Residuals 2.5766* 13-22 1s APV-I 

Weighted Total Least 
Squares 2.5766* 12-21 1s APV-I 

Weighted Total Least 
Squares Using Carrier 
Phase Measurements 

1.6352* 9-15 1-3s CAT I 

* approximately half a meter must be added to this value to match the bias from the real position 

The results have proven that using carrier phase 
measurements can improve considerably the position accuracy 
meaning also a lower vertical protection limit. The RAIM 
algorithm proposed, based on the total least squares and 
combined pseudorange and carrier phase measurements, has 
shown better results. The total least squares approach can lower 
the thresholds without compromising the detection capability, 
but on the contrary increasing it. The addition of the carrier 
phase measurements to the position determination and RAIM 
algorithm enhanced the accuracy and the detection capability. 
The drawback was the increasing of the time to alert due to the 
cycle slip detection/correction algorithm implemented as 
shown in the previous table. These 3 seconds needed for the 
algorithm to reinitilize can be avoided if the RAIM algorithm 
used switches to the one without carrier phase measurements 
during this time. 

VI. CONCLUSION AND FUTURE WORK 
This thesis approaches the implementation of different 

RAIM algorithms in order to guarantee the requirements 
stipulated by the International Civil Aviation Organization for 
the required navigation performance using GNSS. These 
requirements are used to validated RAIM algorithms or in 
other words to enable a real RAIM implementation in aviation. 
The writer makes use of a single low cost GPS receiver using 
single L1 frequency which provides two types of 
measurements: code and carrier phase. The combination of 
these measurements was implemented using the phase-adjusted 
algorithm improving the accuracy of the receiver positioning. 
A cycle slip detection and correction algorithm was also 
implemented to guarantee robustness and availability for the 
RAIM algorithm. Different RAIM algorithms were researched 
and consequently employed using real data. This guarantees 
the validation of the RAIM algorithms implemented. The use 
of carrier phase measurements on a proposed snapshot RAIM 
algorithm proved to increase its performance on the 
requirements set by the International Civil Aviation 



Organization. Finally, it is clear that a real implementation for 
the new RAIM algorithm using carrier phase measurements is 
possible. This RAIM ensured the required navigation 
performance for a more demanding operation mode by making 
use of low cost GPS receiver. 

It would be interesting to improve the total least squares 
algorithm in order to be able to compare to the Advanced 
RAIM scheme which is the top algorithm nowadays 
guaranteeing LPV-200 operation worldwide [18]. This 
improvement should then consider double frequency 
measurements allowing to neglect the ionosphere interference 
and to use the precise orbits available by the International 
GNSS Service (IGS) as detailed in [6]. Also, the addition of 
multi GNSS constellations could improve greatly the 
worldwide availability of the RAIM. 

The study of the kinematic scenario could improve the 
tuning of the algorithm as well as providing more results 
regarding different kind of conditions. This would increase the 
algorithm complexity, but should also bring the algorithm to a 
more real approach. 

The D matrix tuning needs a mathematical analysis with 
probably powerful tools to better understand the influence of 
each element of its diagonal. The inclusion of other 
measurements such as the second frequency should change the 
setting of this matrix. 
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